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Numerical Study of the Critical Layer in a Rotating Fluid

Raymond Sedney* and Nathan Gerberf
U.S. Army Ballistic Research Laboratory, Aberdeen Proving Ground, Maryland

The unsteady motion of a fluid that fills a spinning cylinder is considered. Nonaxisymmetric, viscous
perturbations on the spin-up basic flow are used to study the wave motion. The numerical solution of the spin-up
eigenvalue problem is discussed. A critical layer always exists for small time but evanesces at a time depending on
specific parameters. Time histories of eigenvalues and critical levels are presented, along with typical effects of the
critical layer on eigenfunctions and phase of the velocity. Comparison with experiment is shown.

Introduction

T HE unsteady motion of a fluid that fills a spinning
right-circular cylinder is considered herein. The spin is

imparted impulsively to the cylinder, and the spin-up of the
fluid is perturbed to study the wave motion in the rotating
fluid. This is called the spin-up eigenvalue or e.v. problem.
Because of boundary layers and the critical layer that exist in
the flow, the problem is formulated with viscous perturba-
tions. The physical significance of the critical layer is dis-
cussed, as well as how it affects the solution of the numerical
problem. For the rotating fluid, the condition for a critical
layer is that the wave frequency be an integral multiple of the
local angular frequency of the basic circumferential flow.

The application of this work is to the study of the flight of
liquid-filled projectiles. These have a proclivity for unusual
flight behavior and often are unstable even though the same
projectile with a solid payload is stable. A knowledge of the
wave motion in the rotating fluid is fundamental to an under-
standing of the effect of the liquid on the projectile motion.

The frequencies and decay rates of the waves are de-
termined by the complex eigenvalues of the system of per-
turbation equations. For large time, the fluid approaches solid
body rotation; for this state, there is no critical layer and the
eigenvalue problem is considerably simpler. The critical layer
always exists for small time; it ceases to exist at a time that
depends on the parameters of the basic flow and the wave
motion.

The physics of the basic flow, spin-up from rest, was pre-
sented by Wedemeyer.1 The flow is determined by Reynolds
number Re = &a2/v and aspect ratio A = c/a, where £2 is the
spin (rad/s), a and c are the radius and half-height of the
cylinder, and v is the kinematic viscosity of the fluid. The
model determines the core flow, not that in the endwall
boundary layers. The flow can also be determined in a more
complete way by solving the Navier-Stokes equations by finite
difference methods. For the e.v. problem, it would be imprac-
tical to use the finite difference solution for the basic flow.

A discussion of previous attempts to solve the e.v. problem,
together with more details of the work presented here, is given
in Ref. 2. Experimental data such as velocity fields, pressures,
or gyroscopic motion of the container exist for the range of
parameters 1 < Re < IO7 and 1 < A < 5. The spin-up basic
flow and the e.v. analyses are restricted to the higher Re by
virtue of some asymptotic approximations. The lower bound
on Re for applicability of the e.v. results is not generally

known. For axisymmetric perturbations it appears to be
0(102).3 At present, the analysis of the rotating fluid problem,
per se, is also limited because the boundary layers on the
cylinder endwalls, i.e., the Ekman layers, and the Stewartson
layer on the sidewall are not included. For application to the
projectile problem, the angular motion must be restricted to
small angles because the theory is linearized.

Whether or not the effects of the time-dependent spin-up
basic flow are important in a projectile flight can be estimated
by comparing the characteristic time for spin-up, is, with the
time of flight of the projectile. If the former is small compared
to the latter, spin-up effects can be neglected. For laminar
Ekman layers,

is = ( 2c/a) Re>/Q = 2/E>Q (s)

where E=p/Qc2 is the Ekman number, which is often used
in rotating fluid problems rather than Re. This estimate is
derivable from linear spin-up theory4'5 or the Wedemeyer
model We use the nondimensional characteristic spin-up time
ts = &is. For Re > 105, approximately, the Ekman layers may
be turbulent, in which case the characteristic spin-up time can
be estimated by

tst = (28.6 c/a) Re"/® = tst/Q (s)

which can be obtained from the Wedemeyer solution without
diffusion for turbulent Ekman layers.1 These times are not
measures of how close the flow is to solid body rotation. A
rule of thumb often used, but not always accurate, is that solid
body rotation is reached at about 4is after an impulsive
angular velocity is applied to the cylinder.

To appreciate these time scales for projectile applications,
consider the two cases in Table 1, which presents illustrative
numerical results. The parameters in Table 1 are appropriate
to a test of small caliber projectiles in a ballistic range for case
1, and to test an artillery projectile for case 2. At the spin-up
times the projectiles would be 48 m and 1230 m from the gun
for cases 1 and 2, respectively; in both cases, observations on
projectile motion could be made at these distances. Partial
validation of the theory has been provided by experiments6

and numerical simulations.3

Table 1 Illustrative numerical results3
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Case

1
2b

Re

4974
1.99 X 10*

c/a
3.30
5.20

ft, rad/s

8937
754

t,
465

2646

is,s
0.052
3.510

a Courtesy of Dr. W.P. D'Amico.
b Turbulent Ekman layers.
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The Spin-up Basic Flow
Consider the axisymmetric, time-dependent motion of a

fluid that fills a cylinder which, initially at rest, is impulsively
brought to a constant angular velocity Q about its axis.
Experimentally, an impulsive start is impossible; the condi-
tions for approximating it and the degree of approximation in
some experimental apparatus and in a gun tube are discussed
in Ref. 7. A summary of Wedemeyer's results needed herein
will be given later.

It is known that the Ekman layers form and become essen-
tially steady in time 27r&2~7 . Although Wedemeyer1 showed
the crucial importance of the Ekman layers to the spin-up
process, his model did not require a solution for the flow in
these layers; exclusion of this solution has important ponse-
quences for the e.v. problem. Wedemeyer did not point out
that a boundary layer on the sidewall, a Stewartson layer, is
also required in his model. The flow, excluding that in the wall
boundary layers, is called the core flow.

In the following, lengths, velocities, pressure, and time are
made nondimensional by <z, 0&2, p£2 a2, and £2~7 , respec-
tively, where p is the liquid density. In the inertia! frame,
cylindrical coordinates r, 0, z are used, with the origin of z at
the center of the cylinder, and the velocities are U, V, W,
respectively. Dimensionless time is t. Derivatives are indicated
by subscripts.

Wedemeyer's order of magnitude arguments reduce the
Navier-Stokes equations for the core flow to

Re = 4 . 9 7 x 1 0 3 , A = 3.30, ts = 460

and

U=V=P=0

(1)

(2)

For Re -» oo he proposed neglecting the diffusion terms in Eq.
(1), so that

where the subscript w indicates this approximation. Wede-
meyer used Eq. (3) rather than Eq. (1) when he applied his
model.

To solve Eq. (1) or Eq. (3) a relationship between U and V
is necessary. A phenomenological approach was used. Some
confusion has appeared in later literature because this step
was misinterpreted; the matter is discussed in Ref. 7. The
result is

U=-kl(r-V) (4)

for laminar Ekman layers. Wedemeyer proposed K = 0.443,
but Greenspan4 suggested K = 0.5; the latter often gives re-
sults in better agreement with numerical solutions to the
Navier- Stokes equations. Other relationships have been pro-
posed.7 For turbulent Ekman layers

L* = l/tst (5)

The core flow is assumed to be laminar so that turbulent
stresses are not introduced in the right-hand side of Eq. (1).

Using Eq. (4), Eq. (3) can be solved explicitly:

Vw = (re2k't - l/r)/(e2k'f - 1} for r > (6)

and Vw = 0 otherwise. Therefore, r = rf= e~klt separates rotat-
ing and nonrotating fluid where there is a discontinuity in
shear; this will be smoothed out by inclusion of diffusion
terms, as in Eq. (1). From the continuity equation W =
~(z/r)(rU)r. At r= l , W=£0; thus the Stewartson layer
should be included at r = 1, but this has yet to be done. Also
W ¥= 0 at the endwalls z = ± c/a.

-—— Re = 1.99 * 106, A =5.20, tst = 2648

t= 1350
t = 4050
t = 13500

V 0.5 -

0.0 0.5 1.0

Fig. 1 V vs r for cases 1 and 2 at three times; K = 0.5.

The solution to Eq. (1) is required to obtain the e.v. This
nonlinear second-order equation is integrated by finite dif-
ference methods using some standard techniques for diffusion
equations. The boundary conditions are F(0, /) = 0, F(l, t) = l
for t > 0 and K(r,0) = 0 for 0 < r < 1. For an impulsive start,
a discontinuity in boundary data exists at r = 1, / = 0 which
was resolved by a local analytic solution.8 Some examples of
the solution to Eq. (1) are shown in Fig. 1 using the parame-
ters of case 1 with Eq. (4) for a laminar Ekman layer, and the
parameters of case 2, with Eq. (5) for a turbulent EJcman layer.
For each case V(r,t) vs r is shown for three values of t. As
/ -> + 0? V tends to the asymptotic solution derived in Ref. 8.

Perturbed Flow
The first step in obtaining the perturbation equations is a

standard one and will only be outlined. The velocity compo-
nents and pressure are expressed as the sum of the spin-up
basic flow and the perturbation, e.g., U*(r, x, t) 4- u'(r, 0, z, /).
The basic flow is a solution to the Navier-Stokes equations for
axisymmetric flow and is designated by an asterisk. The coeffi-
cients in the linear perturbation equations are the basic flow
variables and their derivatives. These are now approximated
by the results from the Wedemeyer model for the core flow.
All coefficients containing U* and W* and their derivatives
with respect to r and z are &(l/ts), except for one term
discussed below; all those containing V* are 0(1). Thus, the
perturbation equations contain only V, not U and W', they are

2Vv'
V u'- — - —

r r

JK
r

(7)

where v2 is the Laplacian.
These equations govern viscous perturbations of the core

flow. If a formal, rational expansion in powers of Re~J had
been used the viscous or Re'1 terms would not have ap-
peared. The inviscid perturbations are adequate, except in the
perturbation boundary layer and the critical layer. The viscous
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terms could be included by local analyses in these two regions.
We have included them in a global sense by retaining the
Re~J terms. In the derivation of Eq. (7), one term in the
z-momentum equation contains W*. If this is approximated
by Wr, that term is not small near r = 1 because the Wedemeyer
model requires a Stewartson layer there, as discussed earlier.
Therefore, strictly, Eqs. (7) are valid outside the Stewartson
layer; this restriction does not appear to be a serious one.
Finally, the time scale for the perturbations is 0(1); whereas,
V varies on a time scale 0(ts) where ts » 1 (except for
/-» +0). This is the basis for the quasisteady assumption
wherein t is regarded as a parameter in K(r, t).

Eigenvalue Problem
Mathematical Model

It is convenient to introduce the new coordinate z' = z + A.
It is assumed that the perturbation can be represented as a
superposition of modes. With the quasisteady assumption
such a separation of variables is possible. In complex notation

u' = Real{ u(r)cosKz'exp[i(Ct- mO}}} (8)

with similar expressions for v' and p'\ w' has the same form
except for a sinKz' factor. Here K= kn/2A with k = 1,2,. . .
and w = 0, ±1,..., the axial and azimuthal-wave numbers,
respectively. The nondimensional complex constant C = CR +
iCj is the eigenvalue and u, v, w, p are the complex eigenf unc-
tions for the system of differential equations obtained from
(7). The dimensional wave frequency is CRti and the decay
rate is C7£2.

For the free oscillation problem, the boundary conditions at
the endwalls z' = 0, 2 A are u' = vr — w' = 0 if the complete
flow is being perturbed. The modal forms give w' — 0 but uf

and vf do not satisfy the no- slip condition. Appropriate inner
expansions in the Ekman layers are required to correct this.
Here the modal form is used without endwall correction,
which could have a significant effect on C7.

From (7) a sixth-order system is obtained:

Re J ( A7 - r~2) - iM\ u + -(

T o - ; / A -2\ - a r l v v
[Re ; ( A 7 - r 2) - iM\ v - — + -

dv v 2imRe-

( ru) r — imv -t- Krw = 0 (9)

where

and

M(r) = C-mV/r (10)

The no-slip boundary conditions at the sidewall require

u = v = W = 0 a t r - 7 (11)

The boundary conditions at r = 0 depend on m (see Ref. 2).
For m = 1

u — iv = w — p = 0 at r= 0 (12)

The system in Eqs. (9), (11), and (12) is not self-adjoint.
Although there is no proof, we assume that the e.v. form is a

denumerable, discrete spectrum. With index n used to order
the spectrum, the e.v. are Cn. The system must be solved for
Cn and the eigenf unctions un,vn,wn,pn given V, c/a, Re, m,
and k\ t enters only through V. If the system were self-adjoint
the index n would be the radial mode number. For this
non-self-adjoint system it is unclear how to define a mode in a
general and unambiguous manner. A mode can be identified
for large t by calculating the e.v. for t -> oo, where the radial
mode number is known for the solid rotation solution, and
then tracked as / decreases. This identification is unambiguous
if the critical layer does not exist.

Numerical Method
For V(r\ t) obtained from the finite difference solution to

Eq. (1), the system (9), (11), and (12) must be integrated for
0 < r < 1; a shooting method with iteration is used. Since Eqs.
(9) have a singularity at r = 0, power series expansions were
employed to obtain three solutions near r = 0 that satisfy Eq.
(12) (for m = 1). Evaluating these at r = e gives initial condi-
tions for the integration of Eq. (9) over e < r < 1. Typically,
c = 0.001.2 Because the coefficient of the highest order deriva-
tive, Re~*, is small for Re values of interest, orthonormaliza-
tion was applied; a modification of Davey's technique9 was
used (see Ref. 10 for details). Typically, it was applied at 50
equally spaced points with an integration interval of 0.001.
For large Re, the solution has boundary-layer character near
r=l , the sidewall perturbation boundary layer, which im-
poses another constraint on the integration interval.

A value of C must be specified, i.e., the first guess for Cn.
Satisfaction of Eq. (11) requires that the characteristic de-
terminant Z(C) = 0. If Z=£0 within a certain tolerance, a
new value of C is generated using Newton's method. Muller's
method has also been used. Equation (9) is integrated again
with the new value of C, etc.

Usually a spin-up e.v. history is required. The computation
is started at large t where the first guess can be obtained from
the Cn for solid body rotation or its inviscid approximation.
For smaller t, the first guess is obtained by extrapolation. As /
decreases, this first guess may not be sufficiently close to the
desired e.v., and the iteration process will either converge to
some other e.v. or, occasionally, diverge. In our computations
of Cn this has occurred for n = 2 at small t. A more detailed
searching process is then required. The indicator for this is the
shape of the surfaces Z(C), as illustrated by the following
example.

For case 1, sections of the surfaces Z(C) will be shown for
C in the neighborhood of C2, at t = l55. For illustrative
purposes it is convenient to plot the single surface \Z\(CR, C7),
but only sections of that surface with planes C7 = constant are
shown in Fig. 2. For the parameters of case 1, m = 1, k = 3
and t = 155, CR2 = 0.072614 and C72 = 0.034266. The shape
of the surface changes rapidly in the neighborhood of that
point for small changes in CR and C7. The first guess must be
in an interval AC^ = 0.0005 and AC7 = 0.0003 about the e.v.,
that is within about 1% of C2; otherwise, the iteration con-
verges to C7. The high peak near the zero of \Z\ is symp-
tomatic of this behavior. A method for alleviating this prob-
lem was developed. Note that for n = 1, the |Z| vs CR curves
are mono tonic on either side of the e.v., and the first guess can
be chosen in a much larger interval; in fact, extrapolation is
sufficient.

The time to calculate one C depends on many parameters.
For straightforward cases, typical CPU times for one C calcu-
lation are 1 min on the CDC 7600 and 5 min on the VAX.

Critical Layer
The Orr-Sommerfeld (O-S) equation that governs th^ per-

turbations on a two-dimensional shear flow can be regarded as
a prototype for Eq. (9), insofar as stiffness and the existence of
critical layers are concerned. A recent review of various aspects
of the critical layer in O-S case was given by Stewartson.11 A
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C, = 0.03427
C, = 0.03460
C, = 0.03390

105 IZI

0.070 0.071 0.072 0.073
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0.074 0.075

Fig. 2 Magnitude of the characteristic determinant \Z\ vs CR for
three values of C, for case 1; m - 1, k = 3, f = 155; CR2 = 0.072614,
C12 = 0.034266.

discussion of it using the classical solutions to the O-S equa-
tion can be found in Ref. 12. The definition of the critical
layer is best appreciated by considering the inviscid limit of
the perturbation equations, obtained by setting Re~7 = 0 in
Eq. (9). The order of the system is reduced from six to two.
Consider a neutral disturbance, i.e., C7 = 0. The coefficient of
the highest order derivative contains M= C — mV/'r with C
real. If M = 0 has a real root, rc, where 0 < rc < 1, there is a
singular point at the critical level rc, and the small disturbance
assumption is violated. The neighborhood of rc is called the
critical layer. The physical interpretation of

CR = mV/r (13)

at r = rc is that the wave frequency is an integral multiple of
the angular frequency of the basic flow, indicating a reso-
nance. If m = 0 or if m and CR have opposite signs there is no
critical layer. The nature of the V vs r curves shown in Fig. 1
shows that an rc always exists for small t if m =£ 0 and
sgnm = sgnCfl but will not exist for large f. There can be a
critical layer for each n.

For viscous perturbations the r for which M = 0, in general
complex, is a turning point of Eq. (9). However, the neighbor-
hood of real rc obtained from (13) is still called the critical
layer. One practical consequence of the existence of the criti-
cal layer is that the eigenfunctions can develop high frequency
oscillations of large relative amplitude. These occur, most
notably, for small t and large Re. The integration scheme and
the number of significant figures in the computation must be
capable of resolving these in order to get a solution to the e.v.
problem for Eq. (9). For the O-S case, Stewartson11 showed,
analytically, that the interval over which the eigenfunctions
are "violently oscillatory" is proportional to C, for a given
basic shear flow. This could not be verified by the results for
the rotating fluid case.

Results
Some results for eigenfunctions, e.v., and the critical layer

will be shown. It is convenient to designate the three wave
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Fig. 3 Eigenfunction Real (w) vs r for Re=*5x 105; A =2.679,
mode (5,1,1), ts = 3788. Note scale changes.

numbers by the triplet (k^n.m), corresponding to the wave
numbers for the (z, r, 0) directions.

In Fig. 3 the eigenfunction Real (w) = WR vs r is shown at
three times for Re = 5 X 105, A = 2.679, ts = 3788 and mode
(5,1,1); laminar Ekman layers are assumed. In Fig. 3a, t =
7000, t/ts = 1.85, CR = 8.354 X 10~2, C, = 8.363 X 10~4, and
there is no critical layer. The variation of WR through the
sidewall boundary layer can be barely discerned on this scale.
In Fig. 3b, t = 1000, ///, = 0.26, CR = 7.060 X 10~2, and rc =
0.44 as indicated by the arrow in the figure. The rapid varia-
tion of WR in the neighborhood of rc is typical of the effects of
the critical layer on the eigenfunctions for Re>W4, ap-
proximately. In Fig. 3c, / = 400, t/ts = Q.Il, Q = 3.015 X
10~2, Cj = 8.066 X 10"2, and rc.-0.66; outside the critical
layer WR is not zero although it appears to be on this scale.
The oscillations of WR are centered at r = rc. The max|w^| is
greater in Fig. 3c compared to that of Fig. 3a by a factor of
1900. For the conditions of Fig. 3c, if 0 = 628 rad/s (100 Hz),
/ = 0.64s.

Time histories for Cl and C2 are shown in Fig. 4 for case 1
and modes (3,1,1) and (3,2,1). The CRl curve has a shallow
maximum and minimum for 180 < t < 220, but on the scale of
this figure it appears to be constant. At t = 45, it has a
maximum which is typical for all CR1 vs t curves; note that
CR = 0 for / = Q< The significance of a maximum in the CR1
curve is related to a necessary condition for projectile instabil-
ity. If the nutational frequency is less than the maximum of
CR, there are two times at which instability might develop.
The Cn and CR2 curves are rather typical, but the C/2 curve is
not because it has a maximum at t = 195 and an inflection
point at t = 170; these make it difficult to obtain a first guess
for C2. The problems encountered in calculating C2 for t < 200
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Fig. 4 Time histories for Ct and C2 foj case 1, modes (3,1,1) and
(3,2,1), *s = 460, K = 0.5.
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Fig. 5 Critical level rc vs t for cases 1 and 2, n = I and 2, K = 0.5.

were discussed earlier. Since CI2 < Cn for t < 140, the n = 2
mode could be more significant than the n = 1 mode for
projectile instability.

The variation of rc with t is shown in Fig. 5 for both cases 1
and 2 and n = 1 and 2. Note the two time scales. For both
cases rc = 0 at earlier time for n = 1. The rc for n = 1 and 2
are equal when CR1 = CR2, but Cn =£ CI2 and the eigenfunc-
tions are distinct. For case 1, n = 1, rc = 0 at t = 225 = 0.489/5
and for case 2, n = 1, rc = 0 at t = 9950 = 3.76f5, which gives
f = 13.2 s. Thus, for case 2 the critical layer exists over a
substantial part of the projectile flight time; however, its
effects are not great when rc is small.

As a digression, consider the implications of using Eq. (3),
which neglects diffusion terms, to determine the basic flow V
profiles. Its solution is Eq. (6) for r > rf and zero otherwise. In
Table 2, the e.v. and rc determined this way are compared
with those using the V including diffusion for 7te = 39,771,
A =3.12, J5 = 1245, mode (3,1,1) and /c = 0.5. Neglecting
diffusion gives large errors in C and rc, and the rc is never
zero except in the limit / -» oo.

The CR time history for case 2, mode (5,1,1) using the
turbulent Ekman layer compatibility condition [Eq. (5)] is
given in Fig. 6; the maximum occurs for t < 1200. Results for
two variations of parameters are also shown in Fig. 6: Re was
decreased by a factor of 10 keeping A fixed, which decreased

0.2

-Rl

0.1

0.0

Re= 1.99 * 1Q6, A = 5.72

Re = 1.99 x 1Q6; A = 5.20

Re= 1.99 * 1Q5, A = 5.20

i i i i i i i i i i
5000 10000

t
Fig. 6 CR1 vs t for case 2 and two variations.

Table 2 Effect of neglecting diffusion

With diffusion Without diffusion

t CR C7X103 rc CR QXlO 3 rc rf

600 0.149 17.1 0.423 0.232 27.2 0.668 0.618
1245 0.0855 3.14 — 0.132 4.44 0.392 0.368

CR\ and A was increased by 10% keeping Re fixed, which
increased CR\ the relative changes vary with t. In the first
variation Re is in the transition range, but the turbulent
Ekman layers were assumed. There is a large change in r c ( t )
for the first variation, e.g., rc = 0 at t = 3200 compared to 9950
for case 2. For the second variation, rc(t) does not differ much
from case 2, e.g., rc = 0 at t — 11,700. The spin-up times are
1671 and 2912 for the first and second variations, respectively.

The rapid change in phase of the velocity across the critical
layer in the O-S case is well known.12 In the rotating fluid
case, the change in phase of u' for 0 < r < 1 will be shown.
From Eq. (8)

u' = ( u2
R e-CftcosKz'sm[ ft-(CRt- mO)]

(14)

The phase angle ft(r) is plotted in Fig. 7 for case 2. The rapid
change in phase in the critical layer is evident for t = 2000,
6000, and 9000; the magnitude of the phase change in the
critical layer is approximately 225, 175, and 180 deg, respec-
tively. Another rapid change in f$ takes place in the sidewall
boundary layer. This phase angle change is a sensitive indica-
tion of the critical layer. As t increases, the r interval over
which ft is essentially constant increases. For the conditions
of Fig. 7, /? = constant, except in the boundary layer, for
/ > 10,000 for which rc = 0.

Discussion
The theory and a method for the solution of the spin-up e.v.

problem were presented here. The theory for the perturbed
flow is a linear one, but not for the basic flow. Because viscous
effects are important in the sidewall boundary and critical
layers, viscous perturbations are used. The theory has limita-
tions because of the various assumptions that are made. The
theory and method are successful in the sense that they
provide results that are physically meaningful and do not
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Fig. 7 Phase angle of uf for case 2 at three times.
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Fig. 8 CR vs t: experimental points and calculated values; rc vs t.
K = 0.443.

violate intuition or the "physics of the problem." Other inves-
tigators have worked on this problem without success in that
sense. The more important gage of success is validation by
comparison with either experimental results or numerical
simulation.

For the solid rotation case and m = 0, a detailed validation
was given in Ref. 3 using numerical simulation. This provides
confidence in the treatment of Eq. (9) and the solid rotation
endwall correction, for that case. Spin-up and m = 0 could be
validated in the same way. It would require relatively more
analysis to reduce the numerical data. At the present time,
there is no numerical simulation to validate the m = 1 case.
There are no data in the spin-up range from projectile firings
that can be used to validate the theory.

To the authors' knowledge, the only reported measurements
of C for m = 1 are in Refs. 6 and 13. Some experimental
results for CR vs t using the methods of Refs. 6 and 13 are
shown in Fig. 8. For all points 4.39 < Re X 1(T4 < 4.45, a
negligible variation. The aspect ratio A = 0.600 and the mode
is (1,2,1). The scatter in the data is about ±3% except at
t = 245, where it is ±5%. The calculated Q, using K = 0.443,
is within the scatter of the data. This comparison validates the
calculation of CR for these parameters over the range of the
data 0.724 < t/ts < 2.252. For large t, essentially at solid
rotation, the experimental and calculated results differ by
1.5%.6 The r c ( t ) curve shows that the critical layer exists over
a considerable range for which data are presented.

The percentage differences of CR, the frequency with re-
spect to an inertia! frame, are considerably larger than those
for the frequency with respect to the rotating frame, CRr. For
solid rotation, or steady state, it is more conventional to work
in the rotating frame.4 The relationships between the two
frequencies and their percentage changes are

CR = CRr

- CR)/CK

Comparisons of experimental and calculated CR for modes
(2,1,0) and (1,1,1) give the same conclusions as for the
(1,2,1). Comparisons of Cf are not shown for two reasons: 1)
the experimental error in the determination of Cf can be quite
large; and 2) not accounting for the Ekman layers in the
calculation gives Cf about one-half of the proper values; the
effect on CR is 1-2%.
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